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This paper, pursuing the work started in [TD] and holds six new formulae for n, see equations 

(3.2|, through ratios of first kind elliptic integrals and some values of hypergeometric functions of three 
or four variables of Lauricella type , see [S] and [13] • This will be accomplished by reducing some 
hyperelliptic integrals to elliptic by the methods taught by Legendre in his treatise, [8]. Eventually, 
evaluating some hyperelliptic integrals by means of hypergeometric Lauricella F_d functions, we obtain some 
further evaluations of themselves in some particular points and also in their analytic continuation. 

Keyword: Reduction of Hyperelliptic Integrals; Complete Elliptic Integral of first kind; 7r; Hypergeometric 
Function; Lauricella Function; Elliptic Singular Moduli 



P 1 Introduction and aim of the work 

In the first volume of his Traite [7], composed of 35 chapters, Legendre devotes more than a half of it to the 
elliptic integrals of first, second and third kind, showing their properties and explaining how to compute them 
by series, moduli transformation and so on. In chapter XXIV he starts with the reduction, namely to transform 

S those integrals appearing to be different from the developed theory, nowadays named hyperelliptic, in somewhat 
i else which is either elliptic or a combination of elliptic and elementary integrals. Hyperelliptic integrals come 
as a generalization of: 

R [x, \J g(x)j dx 



> 

o 

&\ 

o 

(N 



X 



where R is a rational function, whenever the polynomial g(x) has degree > 5 without multiple factors. For 
instance, Chapter XXVI deals with the reduction of 

dx 



which, by means of ingenuous changes of variables is led to a sum of other integrals either elementary or elliptic. 
Chapter XXVII reduces the integration of 



m + x 



y/a + fix + jx 2 + ex 4 



dx 



to a sum of elliptic integrals of first and second kind. After this, he passes to the rather unaccustomed integration 
of 

dtp 



'^/l — k 2 sin 2 ip 



m = 3, 4 



and of 



1 — fc 2 sin 2 ip 



sm tp 



dp) 
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Of course we cannot mention all the reductions, but we add only this last example, included in his second 
volume (pp. 382-398), namely 

m = 6, 8, 12. 



VI T x r > 

What above is a necessary foreword because we are going to face the reduction of six hyperelliptic definite 
integrals depending on parameters a > b > 0: 



h(a,b) 
I 2 (a, b) 
h(a,b) 



dp 

o \Jp(p 2 + a 2 )(p 2 + b 2 ) 



(1.1a) 



P 



(p 2 + a 2 )(p 2 + b 2 ) 
dp 



a \Jp{p 2 — a 2 ){p 2 — b 2 ) 



dp (1.1b) 
(1.1c) 



h(a,b) 
I 5 (a,b) 
h(a,b) 



P 



(p 2 - a 2 )(p 2 - b 2 ) 



dp (l.ld) 



dp 



o \/p{p 2 ~ a 2 )(p 2 - b 2 ) 



(Lie) 



P 



o V (P 2 ~a 2 )(p 2 -b 2 ) 



dp (l.lf) 



by means of suggestions from Legendre's Traite, [7 . In chapter XXIX he deals with some identities among 
elliptic integrals of different moduli. Having been previously established the famous modular transformation 



1 ' l + k \l + k y 
at p. 192 we read the identity which in modern notation becomes: 



K 



y/2- V3 



V2 



K 



1 + V3 / V27(V3-1) \V2 



In order to get (1.3), Legendre computes by two different means the hyperelliptic integral: 

= dx 



la Vl - x 1 * 

which is not registered in any of known repertories like [3] or [5] . For he makes the change of variable 

6 1 - cos 2 £ 



(1.2) 



(1.3) 



(1.4) 



obtaining 



X 



1 + cos 2 £ 



K 



3 ^2 Jo ./l-I si n 2 £ 3^2 \V2 



However also our change x 3 = u gains its ends: 



x = i 



da 



3 Jo VT^? 

Furthermore Legendre, by means of the change 1 — x 4 = px 2 , gets: 

x= w- 



(1.4i) 



L4b) 



2 Jo vW + 3)(p 2 +4)' 



(1.4:) 



The integral in (1.4:1 is a special case of the family at right hand side of (1.1a). Legendre then considers a 
special case of Iz{a, b) at p. 193 of [7]. Having previously stated the identity 



o \/l + . 



-dz 



1 



dp 



2 J 2 ^/p(p 2 ~ 3){p 2 - 4) 
by means of it he obtains the modular transformation for complete first kind elliptic integrals 

'V2+ ^3~\ 



K 



l + %/3 



3 + 2V3 K 



1 

7^ 



(1.5) 
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In [5] chapter III section 23 p. 384, in order to reduce an integral like Ii{a, b), he gets the identity 

1 + z 4 



o yrr^ 



dz = 



1 



P 



( P 2 -3)(p 2 -4) 



dp. 



Our study for reducing (1.1 1 enlarges the Legendre approach to whichever value of parameters a, b and to 



integrals 12(0., b), I§(a,b), Is(a, b), whose reduction, as far as we are concerned, is presently not available in 
literature. 



2 Reduction of integrals (1.1) to elliptic ones 

For, let us start with the change of variable 



fip) -.p+—=u 
P 



P = 



- (u =F \/ u 2 - Aabj 



(2.1) 



Function / : (0, oo) — > R introduced in (2.1| cannot be inverted: f(p) — ¥ oo as p — >• + and as p — ¥ oo so that 



the point (Va6, 2vai) is an absolute minimum. 

fip) 




Then, in order to handle the change of variable (2.1), we have to split the relevant integration domain in 



two sub-intervals [0, V ab] and [yab, oo). Let us treat apart each case in detail. 

p G [yab, oo) 



In such a case ( |2.1[ ) has to been taken with the sign + and then, by means of a formula on nested radicals we 
have: 



y/u 2 — 4ab + u 

dp = — du 

2Vu 2 - Aab 



(2.2a) 



Vp~ 



1 



u + 2v ab + \ u — 2v ab 



(2.2b) 
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Now we evaluate the denominators of ( 1.1 1 



(p 2 + a 2 )(p 2 + b 2 ) = ^ [u 2 + (a - b) 2 } (u 2 - 2ab + u\/u 2 - 4ab) (2.3a) 

(p 2 - a 2 )(p 2 -b 2 ) = ^ [u 2 - (a + b) 2 } (u 2 - 2ab + u^u 2 - 4ob) (2.3b) 
and making use again of nested radicals relationship we have: 

^/(p 2 + a 2 )(p 2 + b 2 ) = \{u+ yju 2 - 4a&) yju 2 + (a - b) 2 (2.4a) 

VV ~a 2 )(p 2 -b 2 ) = - (u + Vu 2 - 4afe) yju 2 - (a + b) 2 (2.4b) 



p E [0, Vab] 

In such a case (12. ll has to be taken with the sign — so we find 



dp = ^ 2 4a \ f - du ( 2 - 5a ) VP = \ [\Ju + 2V^b - y/u-2V^ (2.5b) 
Going ahead evaluating all the denominators of ( |1.1[ ) 

(p 2 + a 2 )(p 2 + b 2 ) = - [u 2 + (a - b) 2 ] (u 2 - 2ab - u^u 2 - 4abj (2.6a) 

(p 2 - a 2 )(p 2 -b 2 ) = \ W - (« + b f] (" 2 - 2ab ~ u Vu 2 - 4abj (2.6b) 



then we arrive at: 



y/(p 2 + a 2 )(p 2 + b 2 ) = X - (u - yju 2 - 4afe) y 'u 2 + (a- b) 2 (2.7a) 

VV -a 2 )(p 2 -b 2 ) = \(u- Vu 2 - 4afe) u 2 - (a + b) 2 (2.7b) 

By means of the above changes we can get several reduction formulae. 
Lemma 2.1. If a > b > then 

r r n 1 f°° d " . . 

h(a,b) = ^= (2.8a) 
Vab J 2 ^b ^ u _ 2 y/ab)[u 2 + {a - b) 2 } 

I 2 (a,b)= (2.8b) 
J2Vri ^J( u _ 2yfab)[u 2 + (a - b) 2 ] 

1 f°° 1 / 1 1 \ 

h{a, b) = —== / - = - - du (2.8c) 
2Vab Ja+b y/u 2 - (a + b) 2 \\/ u - 2Vab \J u + 2\fab j 



1 f°° 1 1 1 \ 

h{a,b) = - = I — + . = du (2.8d) 

2 Ja+b V" 2 - (a + &) 2 V V u - 2V^fe Vu + 2Va6 / 



1 /"°° 1 / 1 1 \ 

h{a,b)^—j=l = I — + — p= du (2.8e) 

2Va& Ja+b Vm 2 - (a + 6) 2 ^ - 2Va6 \Ju + 2\Tab) 

h(a, b) = l 1 ( . 1 - ; 1 _ ) du (2.8f) 

2 Ja+b v^t 2 - (a + &) 2 V V u - 2y/ab V« + 2^ab J 
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Proof. Let us split the integration interval as [0, yab] U (yob, oo). In the first one we make use of (2.2) and 
(p^a) 



dp 



1 



du 



1 



2v afe 



(2.9) 



Analogously in [\/ab, oo) by (2.5| and (2.6a) one finds 

dp 1 



ab v/p(p 2 +a 2 )(p 2 + 6 2 ) 2V^6 v /( u _2v^6)[u 2 + (a-6) 



y / (u-2\/^)[u 2 + (a-6) 2 ] 



du 



1 



2Vab 



du 



(2.10) 



2 ^ y / (u + 2Va6)[M 2 + (a-6) 2 ] 



Thesis (2.8a) follows joining (2.9) with (2.10), and the same way will drive to ( 2.8b| . In order to prove (2.8c 



and (2.8d), we will act along the increasing branch of the function (2.1) invoking (2.2) and (2.4a). On the 
contrary for (2.8e) and (2.8f), one shall act along the decreasing branch of (2.1) invoking (2.5) and (2.7b). 

□ 



Now we are ready to compute the complete elliptic integrals at right side of (2.8). For simplicity we write: 

' fa + Vb\ 



K (aM) = K 



Theorem 2.1. The following formulae hold, a > b > 



K («,6) = K 



fa- Vb 



h(a,b) 



h(a,b) 
I 3 (a,b) 



y ab(a + b) 



K 



(o,6) 



y/a + b ' 

1 



K 



(a,b) 



y/2ab{a + b) 



j^(a,b) _ j^(a,b) 



(2.11a) 


h{a, b) 


(2.11b) 


h(a, b) 


(2.11c) 


I 6 (a, b) 



V 2 (a + b) 



1 

V2(a + b) 
1 

^2ab{a + b) 
1 



J£(a,b) ^_ j^(a,b) 



j^(a,b) _ j^{a,b) 



(2.11d) 

(2. lie) 
(2-Hf) 



Proof. For h(a, b) e I 2 {a, b), let us start from ( |2.8a[ ) and ( |2.8b[ ). By [5J, entry 3.138-7 p. 259 or [3] entry 239.00 
p. 86, we have: 

d£ 2 



y/(x — a)(x 2 + v 2 ) \J a 2 + v 2 



K 



Wa 2 + v 2 



2Va 2 + v 2 

For the elliptic integrals concerning Is(a, b), . . . , ie( a j 6) we wn l use entry 238.00 p. 84 of [3J: if a > /3 > 7 : 

2 



d.r 



K 



a v/(z - a)(x - fi)(x - 7) x/^-T IV" - ^ 



□ 



3 7r formulae through hypergeometric integrals 

Integrals Ii(a, b), . . . , Iq(ol, b) can be evaluated by means of Lauricella multi- variables hypergeometric functions. 
In such a way, pursuing our research path started in [TU] and gone on with [IT], we get new identities linking 
some Lauricella functions to complete elliptic integrals. Then we will get new values, even if in very special 



cases, of Lauricella functions in their analytic continuation through the reduction formula (A. 2) proved in |llj . 
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A small notation detail in order to simplify our writing: whenever in a Lauricella function the n parameters 
type b are all equal, 61 = •••=&„= 6, we put 



7 (n) 

D 



a; bi,...,b n 

c 



X\ , . . . , X Ti 



a: b 



X\ , . . . , x Ti 



the repetitions number of b is however set by the apex of the Lauricella function. 

Let us compute the integrals Ii(a, b), . . . , I^{a 1 b) through the hypergeometric integral representation theo- 
rem, formula (A.l) in the appendix. 

Lemma 3.1. If a > b > then 

1Mb) 

h{a,b) 
h{a,b) 



7T p (4) I 2 ' 2 



3. I 

2 



/ LI 

?Tp(4) / 2' 2 

2 D 2 



1 + ia, 1 — ia, 1 + ib 1 1 — ib 
1 + ia, 1 — ia, 1 + ifr, 1 — «6 



2 v /2a(a 2 -6 2 )^ 

^4(0, 6) = 7T 



/ LI 
,(3) / 2' 2 



/ 1.1 

(3) I 2 ' 2 



7 5 (a,6) 
I e (a,b) 



/ 1. 1 

7T (3) / 2' 2 



2(a 2 -6 2 ) 15 

3. 1 

2 



1 6 6 

2 ' a + 6' b — a 

lb b \ 



2 a + b b — a 



1 



^V^ p(3) I 2 ' 2 

2a 



& b 
I,",-" 

a a 



(3.1a) 
(3.1b) 
(3.1c) 
(3.1d) 
(3.1e) 
(3.1f) 



Proof. In I\(a, b) let us do p = (1 — t)/t obtaining 

,1 t l/2 (1 _ t J-l/2 



di. 



/o ^[(1 + a 2 ) P-2t + 1] [(1 + & 2 ) t 2 - 2t + 1] 

Thesis (3.1a) stems by the integral representation theorem ( A.l[ ), if one observes that 

[(1 + a 2 ) t 2 - 2t + 1] [(1 + b 2 ) t 2 - 2t + 1] = [1 - (1 - ia)t] [1 - (1 + ia)t] [1 - (1 - ib)t] [1 - (1 + ib)t] 

The proof of ( 3.1b[ ) can be achieved likewise. Next, (3.1c) and (3.1d) can be proved by means of the change of 
variable t = (p — a)/p which leads to 



h (a, b) 



Ii{a, b) — \fa 



y/iil p(2-t)[a2-b 2 (l-tl)] 

1 



dt 



^t{l - t)(2 - t)[a 2 ~ P(l - t) 2 



dt 



and hereinafter to (3.1c) and (3. Id) by means of the representation theorem (A.l). Finally, for (3.1e) and (3. If) 
the change of variable p = bt leads to: 



h(a,b) = 



dt 



VbJo y/t(l - t 2 )(a 2 - b 2 t 2 ) 

I 6 {a,b) = Vb f 
Jo 



/„ V (l-i 2 )(a 2 -& 2 i 2 ) 



dt 



then apply again the representation theorem. 



□ 



G 



Comparing theses of lemma [3TT] and of theorem |2.1| we obtain immediately our six new formulae for tt to be 
added to those of our previous articles [TO] and [TT] . 



Theorem 3.1. For a > b > the following formulae hold: 

4 K ( "- b) 





3. 1 






2 ' 2 


1 + ia, 1 — ia, 1 + ib, 1 — zo^ 


2 





4 




j£(a,6) 




' 1. 1 

2 ' 2 

v 2 


1 + ia, 1 — ia, 1 + io, 1 


2y/a~b 


K (a,fe) 


_ j^(a,b) 


^ F (3) 


/ LI 
1 2 ' 2 

V 2 


lb b \ 
2' a+b' b-a 1 



y/a — b 



K 



(a,b) 



K 





1. 1 

2 ' 2 


1 b b \ 


V ° Fg>( 


1 


2' a+b' o-a 1 






6) + K («,6) 



V2(a + 6) (3) 



2' 2 
1 



_ 1 _£ 
' a ' a 



+ b) (3) 



3. 1 

2 ' 2 



1 £ _ £ 

' a ' a 



(3.2a) 



(3.2b) 



(3.2c) 



(3.2d) 



(3.2e) 



(3.2f) 



By (3.1a) and ( 3.1b I of lemma 3.1 and by (3.2a) and (3.2b) of theorem 2.1 and by reduction formula for 
Lauricclla functions (A. 2 ) we can get two new evaluations of in its analytic continuation with two arguments 
greater than 1, quite similar to the evaluation of 2F1 with argument 2 established in theorem 3.2 given in [llj . 

Theorem 3.2. If a > b > then 

Q 1 

a + b b — a 



/ 3- I 

-,(3) / 2' 2 



/ LI 

FD 2 



b ' b 
a + b b — a 



4(-l+j) 
n\/2 

4(1 + Q / b 
Try/2 V a(a + b) 



b_ K (a,b) 



K 



(a.b) 



(3.3a) 
(3.3b) 



4 Connections with the Elliptic Singular Moduli 

The singular value theory stems from the equation 

K'(fe) _ r- 

K(k) ~ Vn 



(4.1) 



where: n is a given positive integer, K(fc) is the complete elliptic integral of first kind, k' = yl — k 2 and 
K'(fc) = K(\/l — k 2 ). Solution A*(n) to ( |4.1| is an algebraic number which is called n-th singular value for the 
modulus k. Function A*(n) is called elliptic lambda function. Selberg and Chowla |14j proved the unproved 
statement of Ramanujan, |12j . that for neN, K(A*(n)) is expressibile on terms of T function. For low n values 
there are explicit results, cases n = 1, 3, 4 treated in Wittaker and Watson [17] ; Borwein and Borwein [IJ gave 
n = 1, 2, 3. Moreover n = 2 is treated by Glasser and Wood [5]. Selberg and Chowla [14], Borwein and Zucker 
[2], Zucker [TB], expressed K(A*(n)) in terms of T for many values of n using techniques based up lattices sums 
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introduced by Zucker and Robertson [T5J [20] ■ We recall, even if out of our applications, that if in (4.1 1 n £ 
the singular modulus can be given in terms of Jacobi Theta functions of zero argument, see [5] 



k{n) 



>(0,«) 



»(0,«) 



where 



(n+i 



The singular moduli theory is linked to our subject because the complete elliptic integrals Kf"' 6 " 1 and K^' 6 ' are 
complementary and their values are quickly obtained making a system of equations (3.2c) and (3.2d), obtaining 



K 



(o,6) 



2^/a-b 



K 



(a,6) 



2Va - b 



2 * D 



l. l 

2' 2 



1 



2' a + 6 b — a 



1 



2 ' a + 6' 6 — a 



' l. l 

(3) / 2' 2 
^ 1 



2 a + b b — a 



^ F (3) 

_ 1 M 



1. 1 

2 ' 2 



2 a + 6 b — a 



(4.2a) 
(4.2b) 



In such a way, having computed the ratio between (4.2a) and (4.2b) we get: 



K 



(o,6) 



K 



0,6) 



Vb p (3) 
2 r D 


/ LI 

2' 2 

V 2 


1 b b 
2' a+b' 6-a 


+ ^F® 


/ LI 

2 ' 2 

V 1 


16 6 \ 
2' a+6' 6-a 1 


V5Fg) 


/ 1.1 

2' 2 

V 1 


1 b b 

2 ' a+b ' b-a 


|-fFg) 


/ 1.1 

2 ' 2 

V 2 


16 6 \ 

2' a+6' 6-a 1 



(4.3) 



In similar way by a system of (3.2c) and (3.2f) we get: 



K 



K 



(a,6) 



2^0(0 + b) F 



' I-! 
(3) / 2 > 2 

15 1 1 



3. 1 

2 ' 2 



v/o(a + b) F 



(3) 



3- I 

2 ' 2 



(4.4) 



On the other side, some singular moduli have been tabulated, see [T] and [16|, then by choosing properly the 
parameters a and b, the right hand side of (4.3) is an algebraic radical. In such a way we can provide new 
relationships met by the Lauricella's, having fixed the parameters for the chosen arguments. Let us show those 
of them leading to simpler or, better, not to intricate, results. Singular modulus of order 3: equating to the 
modulus of K*"' 6 ^ we get the equation 



A* (3) 



V^-l y/a-Vb 



2V2 y/2(a + b) 



which, solved for a/b gives a/b = 3. Because both sides of (4.3) give v3, it follows that 



?(3) 

D 



1. 1 

2 ' 2 



While from (4.4) one finds: 
Pg)f 



3. I 

2' 2 



1 1 1 

2' 4'^2 



1 1 



= 2v / 3f2-v / 3) Fg } 



(3) 



-l'3'-g -2V3(2-V3) F D 



1. 1 

2 ' 2 



1. 1 

2 ' 2 



1 



1 1 1 

2' 4' _ 2 



1 1 

_1 '3'~3 



(4.5) 



(4.6) 



In such a way we can find a sequence of values to parameters a, b whom singular moduli are corresponding to, 

as listed in the table at the end of the section, by which some identities can be got concerning the functions 

(3) \ v \ v 

F D similar to (4.5) and (4.6) according to different n— orders. 
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Order 5: 



F (3) ( b\ 



( 3.1 

F g) 



1 3-V5 1 + V5 
2' 2 ' 2 

75- 1 75- l' 



= 2y / 75-2Fg 



i. i 

(3) / 2' 2 



1. 1 

(3) / 2' 2 



Order 7: 



/ 5. 1 
F (3) / 2' 2 

^ 2 



1 7 7 



_ lZ _7 

'9' 9 



2Vv / 5-2Fg 



2(4-77) (3) / |; \ 
~^^ FD [ 1 

2(4-7?) (3) / b 5 

~^7^ Fd i 



1 3-75 l + 75\ 
2' 2 ' 2 y 

1 75- 1 Vb - 1 



1 7 7 



_ 7_7 

'9' 9 



Order 9: 



? (3) 
D 



1. 1 

2' 2 



273 -3, -(273 + 3) 



r (3) 
D 



3. 1 

2 ' 2 



. 73 _^3 N 
' 2 ' 2 



72 
73 



73 



,(3) 2' 2 



/ 1.1 

? (3) / 2 ' 2 



-,273 -3, -(273 + 3) 



73 



Order 13: 



? (3) 



1. 1 

2' 2 



Order 15: 



3. 1 

2' 2 



1 19-5713 17 + 5713 
2' 2 ' 2 

, 5713-1 57l3-l S 



27377I3- 106 



2737713 - 106 



? (3) 



.(3) 



1. 1 

2' 2 



1. 1 

2' 2 



18 



/ Li 
F (3) / 2' 2 

F ° 2 



18 



1 19-5713 17 + 5713 
2' 2 ' 2 

1 5713-1 57l3-l N 



18 



18 



1 3 

2' 32 



(3 + 75) ,-| (9 + 475) 



2 (73 - 375) (75 - 4) 



3(1 + 715) 



1 3 
2' 32 



9 + 475 



/ 3. 1 

p(3) / 2' 2 



121 



(21 + 875) f2l + 8V0 



2 (73 - 375) (75 - 4) 



3(1 + 715) 



? (3) / 2' 2 



l,^ (21 + 875),- A (21 + 875) 



Order 25: 



r (3) 

D 



1. 1 

2' 2 



Order 33: 



? (3) 



p (3) ( 2' 2 

^ 2 



, 4 (975 - 20) , -4 (20 + 975) 
475 475 N 



3. I 

2' 2 



1, 



75" 



75 



,(3) 



,(3) 



1. 1 

2' 2 



1. 1 

2' 2 



, 4 (975 - 20) , -4 (20 + 975) 
475 475~\ 



1. 



16 



16 



2' 16 + 1573 -37ll' 16- 1573 + 37TI 



73 (17 - 733) 743 - 5733 



219/4 



F (3) ( 2' 2 
^ 1 



16 



16 



2' 16 + 1573- 37ll' 16 - 1573 + 37IT 
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? (3) 



3- I 

2 ' 2 



16 



16 



V3 (17 - V33) \Y43 - 5^33 (3) 
2 19 / 4 D 



15a/3-3vTT' 15^3-3^11 
-1, 



i. l 

2' 2 



1 



16 16 
15\/3-3\/Tl' 15^-3^ 



Let us provide a table with some values of the ratio a/b which singular moduli are corresponding to: 



n 


A*(n) 


a/b 


3 


\/3-l 


3 


5 


|(VV5-l-V3-V5j 


|(1 + V§) 


7 


3-^7 


9/7 


9 


1(^-^3) (V3-1) 


2/\/3 


13 


\ (vWl3 - 17 - a/19 - 5\/l3) 


^(1 + 5x^3) 


15 


( 2 - V3 ) ( 3 - ) ( VE - V3 ) 


| (21 - 8v/5) 


25 


(3-2^5)( v / 5-2) 
V2 


9 


33 


A* (33) 


fk(5%/3-v/ll) 



A* (33) = 



1 



261 - 150\/3 - 78^ + 45^33 - \/-259 + lbOVs + 78-v/TT - 45\/33 



Conclusions 



By extending a Legendre's reduction method of hyperelliptic integrals to elliptic [7J|3], we obtained six formulae 
for 7r to be added to those previously given in [101 111] . Some evaluations of Lauricella functions in their analytic 
continuation, theorem 3.2 formulae (3.3), have been given. Finally, by means of singular moduli theory we 
highlighted some identities (4.5 1, . . . , Q concerning Lauricella functions type for special values of their 
arguments. 



A Appendix 

For the reader's best convenience, we resume the main notations of the special functions involved throughout 
the paper: the reader is referred to [T71 [TSl HI |5] for further information. 

Euler-Legendre integral (Gamma function), defined for x > 0: 

POO 

T(x) = / e~ u u x - l du. 
Jo 

Pochhammer symbol: 

. . T(a + m) 

(a) m = — =^ — = a{a + 1) ■ ■ ■ {a + m - 1). 

r(o) 

Complete elliptic integral of first kind, with modulus |fc| < 1 : 

K(k) (1 " 



^{i-u 2 )(i-k 2 u 2 ) 

Gauss hypergeometric series defined for |x| < 1 



2 



Fi 



a: b 



X1 (a) m (b) m ^ 



E 



10 



Integral Representation Theorem which holds for Re a > 0, Re(c — a) > 0, \x\ < 1: 



/ a; b 

2F1 



r(c) r 1 u^Cl-u) -"- 1 , 

aw 



y r( c -a)r(a)7 (l-^) 6 

Lauricella hypergeometric functions of n variables 



F („) / a;bx,...,b n 



( fl )mH (-m,i(^l)mi ' ' ' (^n)m„ 



(c) mi+ ... +m „mi! • • -m n \ 



Integral representation theorem for Re a > 0, Re(c — a) > is: 



(n) I a 'M,---,K 



\ _ r(c) r 1 ^-'(i-m)^- 1 
^'•••'^J -r( a )r(c- a ) i (l-x^-.-a-^""- (A - ij 



c 

Reduction formula for Lauricella functions 

X\ Xji x n —i x n 



F (n) ( a;h,...,bn 



h H h & 

whose proof was given in |11) 
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